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BOUNDARY SCHWARZ LEMMA FOR HOLOMORPHIC 
SELF-MAPPINGS OF STRONGLY PSEUDOCONVEX DOMAINS 

XIEPING WANG AND GUANGBIN REN 


Abstract. In this paper, we generalize a recent work of Liu et al. from the open 
unit ball B"' C C” to more general bounded strongly pseudoconvex domains with 
boundary. It turns out that part of the main result in this paper is in some certain 
sense just a part of results in a work of Bracci and Zaitsev. However, the proofs are 
significantly different: the argument in this paper involves a simple growth estimate 
for the Caratheodory metric near the boundary of domains and the well-known 
Graham’s estimate on the boundary behavior of the Caratheodory metric on strongly 
pseudoconvex domains, while Bracci and Zaitsev use other arguments. 


1. Introduction 

The Schwarz lemma as one of the most influential results in complex analysis puts 
a great push to the development of several research fields, such as geometric function 
theory, hyperbolic geometry, complex dynamical systems, composition operators theory, 
and theory of quasi-conformal mappings. We refer to [1,14] for a more complete insight 
on the Schwarz lemma. 

As a variant of the classical interior Schwarz lemma, a new boundary Schwarz lemma 
in one complex variable was first independently established by Unkelbach [27] and 
Herzig [17], and was rediscovered by Osserman [24] more than sixty years later. It 
turns out to be a powerful tool for solving a variety of problems in complex analy¬ 
sis. Recently, in [10], it together with Lempert’s complex geodesic theory was used to 
study the homogeneous complex Monge-Ampere equation with a simple singularity at 
the boundary of strongly convex domains in C”. It was proved that for every bounded 
strongly convex domain with smooth boundary, there exists a smooth solution to this 
equation, called the pluricomplex Poisson kernel, of which the sub-level sets being exactly 
Abate’s horopsheres with centers at the boundary. Bracci and Patrizio have succeeded 
in characterizing biholomorphisms between two bounded strongly convex domains by 
means of these pluricomplex Poisson kernels; see [10,1 1] for more details. 

In complex analysis of several variables, there are also a variety of Schwarz lemmas. In 
[29], Wu proved what is now called the Caratheodory-Cartan-Kaup-Wu theorem, which 
generalizes the classical Schwarz lemma for holomorphic functions to higher dimensions. 
In [13], Burns and Krantz obtained a new Schwarz lemma at the boundary of strongly 
pseudoconvex domains, which gives a new rigidity result for holomorphic mappings. 
In [18], Huang further strengthened the Burns-Krantz result in the case of strongly 
convex domains for holomorphic mappings with an interior fixed point, and see [6] for 
the other generalizations of the Burns-Krantz result. Very recently, a new boundary 
Schwarz lemma was proved by Liu et al. in [23] for holomorphic self-mappings of the 
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open unit ball C C"', and is essentially a direct consequence of Rudin’s generalization 
of the classical Julia-Wolff-Caratheodory theorem, see also [28] for a simpler proof and 
a stronger version. As applications, it was used to give a new and simple proof of 
the distortion theorem of determinants for biholomorphic convex mappings on B” and 
to establish partly the distortion theorem of determinants for biholomorphic starlike 
mappings in [23]. Incidentally, there is also a new boundary Schwarz lemma for slice 
regular functions, see [25] for more details. 

In this paper, we generalize the recent work of Liu et al. [23] from the open unit ball 
B”’ to more general bounded strongly pseudoconvex domains with boundary. After 
the authors finished a preliminary version of this paper, Bracci brought the paper [12] 
into their attention. Part of the main result of this paper is only the “only if’ part of [12, 
Propostion 1.1] in the case where the considered function is a holomorphic self-mapping, 
with a prescribed regular boundary fixed point, of a bounded strongly pseudoconvex 
domain CC C” with C°° boundary replaced by boundary. However, the proofs are 
significantly different: the argument in this paper involves a simple growth estimate for 
the Caratheodory metric near the boundary of domains and the well-known Graham’s 
estimate on the boundary behavior of the Caratheodory metric on strongly pseudoconvex 
domains, while Bracci and Zaitsev use other arguments. In order to describe precisely 
what we will prove, we first recall a few standard notations and necessary terminologies. 

Let C” denote the n-dimensional complex Hilbert space endowed with the standard 
Hermitian inner product given by 

n 

(1.1) {z,w)='^ZjWj 

i=i 


for vectors z = {zi, Z 2 , ■ ■ ■, ZnY, w = {wi,W 2 , ■ ■ ■, WnY S C”. Here the symbol * stands 
for the transpose of vectors or matrices. We also denote by B” the open unit ball of C”, 

i.e. 

B" := {zeC^ : j^j < l}. 

Throughout this paper, we write a point z G C” as a column vector, i.e. a n x 1 matrix. 
Let n be a domain in C”’. For each holomorphic mapping / = (/i, / 2 ,... , fnY from 
to C”, the derivative of / at a point z G H is the complex Jacobian matrix of / given by 


Jf{z) 



nxn 


Now the main result in this paper can be stated as follows: 


Theorem 1.1. Let H C C”’ be a bounded strongly pseudoconvex domain with bound¬ 
ary and / : n —)• U a holomorphic mapping. Suppose that f extends smoothly past 
some point p G dQ and f{p) = p. Then for the eigenvalues X,fi 2 , ■ ■ ■, {counted with 
multiplicities) of Jf{p), the following statements hold: 

(i) A is positive and is also an eigenvalue of Jf{pf such that 

Jf{pfvp = Xvp, 

where Vp is the unit outward normal vector to dLl at the point p; 

(ii) p.j G C and \ p , j \ < VX for j = 2, 3, ... , n; 

(hi) For j = 2,3,..., n, there exists Tj G Tp^’^\dLl) n 9B"' such that 

Jf{p)Tj = PjTj- 

(iv) I det Jf{p)\ < A^“, |trJj(p)[ < A J- (n — 1)\/A. 
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Moreover, if f has an interior fixed point zq G 0, then A > 1. 

Obviously, the Jacobian Jf{p) of / at the point p G dCl may be possibly degenerate. A 
relevant and very interesting result is a boundary version of the open mapping theorem 
for holomorphic mappings with a prescribed super-regular contact point between two 
strongly pseudoconvex domains in C”, see [9] for more details. 

The starting point of the proof of the previous theorem is to show that the real tangent 
space Tp{dQ) and the complex tangent space Tp^’^\dQ) are respectively invariant under 
the action of Jf{p) as linear transformations of and C”. This fact easily follows from 
a careful consideration of the geometrical information of / at its prescribed boundary 
fixed point p G dit and the classical Hopf lemma from PDEs. However, a crucial 
difficulty arises in proving the estimate in the assertion (ii). The proof of assertion (ii) 
will systematically use the geometric properties of the Caratheodory metric of bounded 
strongly pesudoconex domains. It is interesting to notice that the better geometric 
understanding given by this tool (and the impossibility of using the kind of explicit 
calculations done in [23]) for the ball) yields a proof that is both simpler and clearer 
than the previous one of [23, Theorem 3.1]. 

This paper is organized as follows. In Sect. 2, we first collect some well-known 
facts on the intrinsic complex geometry of domains in C” by means of the intrinsic 
Caratheodory distance and metric. We then establish a simple growth estimate for the 
Caratheodory metric near the boundary of bounded domains and recall the well- 
known Graham’s estimate on the boundary behavior of the Caratheodory metric on 
strongly pseudoconvex domains, which will play a fundamental role in our argument. 
Sect. 3 is devoted to a proof of main result of this paper. 

2. Preliminaries 

In this section, we collect some well-known facts on the intrinsic complex geometry 
of domains in C”, which are conveniently described using the intrinsic Caratheodory 
(pseudo)distance and (pseudo)metric. We refer to [1, 19,20] for details and much more 
on the Caratheodory distance and metric on complex manifolds; here we shall just recall 
what is needed for our purpose. Let to denote the Poincare distance on the open unit disk 
D C C. Let 12 C C” be a bounded domain, the Caratheodory distance Cn : H x 12 —>• 1R+ 
of 12 is defined as 

Cn{z,w) := sup|w(/(z),/(u;)) : / G Hol(12,D)| 

for all z,w £ id. It turns out that Cq{z,'w) is always hnite. Also, for each bounded 
domain 12 C C"' with complex tangent bundle the Caratheodory metric Cq : 

—)• M'*' is dehned as 

(2.1) Co( 2 :,'(;) := sup|l(i/ 2 ('(;)] : / G Hol(12,D), /(z) = o| 

for all z G 12 and v G note that since dfz{v) G \dfz{v)\ is the length 

in the Poincare metric of dfz{v) at 0. For each / G Hol(lI,B) and z £ il, we denote 
by ^f(z) the unique holomorphic automorphism of B interchanging 0 and f{z). Then 
g := (pf(z) o / £ Hol(12,B) is such that g{z) = 0 and 

\dgz{v)\ = \d^f{z) ° dfz{v)\ = ^ ^ \dfz{v)\. 

Thus the condition that f{z) = 0 in the definition (2.1) of Caratheodory metric is 
superfluous. It also should be remarked that Cq is always locally Lipschitz, and hence 
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continuous, but Cn is in general not the integrated form of Cq. Moreover, it is also easy 
to see that for each z £ Q, Cn{z,v) is subadditive in u G This simple fact will 

be used in the proof of Theorem 1.1. 

The main properties of the Caratheodory distance and metric are that they are con¬ 
tracted by holomorphic mappings: if fli C C”, 112 C C"* are two bounded domains and 
/ : Hi —>• II 2 a holomorphic mapping, then 


(2.2) Cq^ {f{z), f{w)) < Cfii (z, w) 

and 


(2.3) 


Cn2{fi^)^dfz{v)) <Cnr{z,v) 


for all z,w £ Qi and v £ In particular, biholomorphisms are isometries, and 

holomorphic self-mappings are Cq and Cj^-nonexpansive. 

In Sect. 3, we shall use the following lemma concerning a simple growth estimate for 
the Caratheodory metric near the boundary of bounded domains. To state precisely 
its content, we need some new notations. Let 11 CC C” be a domain with boundary 
and 6{z) = d{z,dQ) the Euclidean distance from z G C” to the boundary (911. Then 
there exists an e > 0 such that clH admits a tubular neighbourhood A^£((911) of radius 
£, i.e. A^£((911) := {z G C” : 6{z) < e}, and the signed distance function (5* : C" —)• M 
defined by 


( —S{z) for z £ Q 
{ S(z} for zgC"\11 


is C^-smooth on N^{dQ) with gradient \76* of length one and hence is a defining function 
for n (cf. [15, pp. 70-71]; also [22]). Moreover, for every G there is a unique 

boundary point vr(z) G till at minimum distance from z, and z 1 — )• vr(z) is C^-smooth on 
N^{dQ,). Indeed, vr is explicitly given by 


7r{z) = z-5*{z)VS*{z), yz£Ne{dn), 


and is called the projection along the outward normal direction, in view of the fact that 


V,l*(z) = V(5*o7r(2) 

for all z G N^{dQ,) (cf. [5, Lemma 2.1]). For each z G N^{dQ,) and each v £ = C”, 

we can decompose v into v = vn{z) + vt{z), where 


vi,i{z) = {v,V6*{z))V5*{z) 


is the normal component of u at 2 ; and vt{z) = v — vn{z) the tangential component of v 
at z, and (, ) denotes the standard Hermitian inner product on C"' given by (1.1). The 
following lemma was first proved in [3, Lemma 1.2] for the Kobayashi metric, and the 
same argument shows that it also holds for the Caratheodory metric. Here we provide 
the detailed proof for the sake of completeness. 

Lemma 2.1. Let 11 C C” he a bounded domain with boundary. Then there exist 
e > 0 and C = C(£) >0 such that 


(2.4) 


Cn{z,v) < 


^jv(^)l I (^ \vt{z)\ 
S{z) ,5(z)i/2 


for all z £ Ll with 6{z) < e and v £ C"". 
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Proof. Let e > 0 be such that d^l admits a tubular neighbourhood N 2 e{d^l) of radius 


2e. Then for every point z & Q with 5{z) < s, there exists a zq G such that 6{zo) = s, 
tt{zq) = 7r{z) and 6{z) = s— \z — zq\. Thus the Euclidean ball B of center zq and radius e 
is internally tangent to the boundary dQ at 71 ( 2 : 0 ). Comparing the Caratheodory metric 
on Q, and that on the ball B, and using the length-decreasing property yield that 


Cn{z,v) < Cb{z,v). 


Therefore to finish the proof, it suffices to estimate the latter. Thanks to the explicit 
formula for Cb", for every v £ C"', we have 



\vn{z)\‘^ ^ \vt{z)\^ 


{e + \z-zo\f {e + \z - zo\)5{z) 


< \vn{z)\‘^ \vt{z)\‘^ 

~ 6^(z) eS{z) 



and the desired estimate follows with C'(e) = £ 


□ 


In the proof of main result (Theorem 1.1), we will also make use part of Graham’s 


estimate on the boundary behavior of the Caratheodory metric on strongly pseudoconvex 
domains. For the reader’s convenience, we state here that what we need from [16, 
Theorems 1 and 1’]: 


Lemma 2.2 (Graham). Let Q CC C” be a strongly pseudoconvex domain with 
boundary and Cq, the Levi form ofLl. Then 



Moreover, 



( 2 . 6 ) 


uniformly in p G dLl and v G (9B"'. 


3. Proof of main result 


In this section, we give a proof of main result of this paper. We shall consistently use 
C to denote positive constants, which could be different in different appearances. 

Proof of Theorem 1.1. The proof is divided into five steps in order to make it easier to 
follow. 

Step 1. First, we show that both the real tangent space Tp{dLl) and the complex tangent 
space ((911) are invariant under the action of J/(p) as linear transformations on 
and C"', respectively. Namely, 


(3.1) 


dfp{Tp{dn)) C Tp{dn) 


and 


(3.2) 


d/p(r^i’°)(aL!)) C r^i’0)(9L!). 
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To this end, it is enough to show that (3.1) holds, since then (3.2) immediately follows 
from the very definition of complex tangent space Tp^’^\dQ) and from the fact that 
dfp = dfp is C-linear. 

Let Up be the unit outward normal vector to dO, at the point p £ dO, and p a C^- 
defining function for such that p is strictly plurisubharmonic on some neighborhood of 
n, which always exists as guaranteed by the strong pseudoconvexity of fl. For each unit 
tangent vector r G Tp((9fl), we can take a C^-curve 7 such that 7 ((—1,1) \ {0}) C 12, 
7(0) = p and 7^(0) = r G Tp{dQ), then the function (—1, 1) 3 t p o f o 7(t) has its 
maximum at t = 0 and therefore 


dpp{dfp{T)) = ( 


= 0 , 


t=o 


which implies that dfp{T) G Tp{dQ), and the desired result immediately follows. 

Moreover, the function po/ is a negative plurisubharmonic (and hence subharmonic) 
function on 12 attaining its maximum at the boundary point p G 912. Therefore, the 
directional derivative of po f along Up at the point p satisfies that 


(3.3) dpp{dfp{up)) = (P) > 0, 

in virtue of the classical Hopf lemma for subharmonic functions. 


Step 2. What we just proved in Step 1 is equivalent to that both the real normal space 
at p and the complex one Cup at p are invariant under the action of Jf{p) as linear 

transformations of and C”, respectively. Therefore Jf{p) must admit a real number 
A G M such that 

Jf{p) = ^^p, 

which together with (3.3) gives that 

(3.4) A = Re^Pp, J/(p)Vp^ = Re(^Jf{p)i'p,Up^ = dpp{dfp{up)) > 0. 

Obviously, A > 0 is also an eigenvalue of Jf{p)- 

Step 3. The assertion (hi) easily follows from what we proved in Step 1. If we proved the 
assertion (ii), then the assertion (iv) immediately follows. 

To prove the assertion (ii), we will make the best of Lemmas 2.1 and 2.2. For j = 
2, 3,... , n, each complex number pj G C and each vector Tj G Tp^’*^^(912)n(9]B”' satisfying 

(3.5) Jf{p)Tj = PjTj, 
it follows from the Schwarz inequality (2.3) that 

Cn{f{z),Jfiz)Tj) <Cn{z,Tj), 

and hence 

(3.6) Cl{fiz),Jf{z)Tj)6{f{z))<Cl{z,Tj)6iz)^^^j^^, V 2 GO. 

Since 912 is of class we may assume that S is O^-smooth on 12 n Ns(dfi), where 
N^(dfi) is a tubular neighbourhood of 9f2 with radius e > 0 taken as in the paragraph 
before Lemma 2.1. We shall also use the notations fixed there. Now it is transparent 
that 


(3.7) 


A > 0. 










SCHWARZ LEMMA AT THE BOUNDARY OF STRONGLY PSEUDOCONVEX DOMAINS 


7 


We next turn to the estimate in assertion (ii). First of all, equality (2.5) shows that 
(3.8) lim Cfi{z,Tj)6{z) = ^Cn{p,Tj) > 0. 

Z rp Zt 


Obviously, it suffices to consider the j’s satisfying the condition that / 0 in assertion 
(ii). For each such j, we claim that 

(3.9) limCl{f{z),Jf{z)Tj)5{f{z)) = ^Cn{p, Jf{p)Tj), 

Z rp ^ 


from which and (3.5)“(3.8) the estimate in assertion (ii) will follow. In virtue of the 
limit in (2.6) and its uniform convergence, we obtain that 

{Jfiz)Tj)j,{fiz))y{f{z)) =^C^(^f{p), {Jf{p)Tj)^{f{p))^ 

=^^n{p,Jfip)rj). 

For each z £ 17 n Ni;{dQ), it follows from the subadditivity of Cq{z,v) in n G 
that 

Cn(^f{z), {Jf{z)Tj)^{f(z))^ -Cn(^f{z), {Jf{z)Tj)j^{f{z))^ 
<Cn{f{z),Jf{z)Tj) 

<Cn(^f{z), {Jf{z)Tj)^{f{z))^ +Cn(^f{z), (J/(z)tj)^(/(z))). 

Also from the strong pseudoconvexity of 17 and equality (3.10) it follows that 

Cn(^f{z), {Jf{z)Tj)^{f{z))^ 


is non-vanishing whenever z G 17 is sufficiently close to p. Now to prove equality (3.9), 
it suffices to show that 


(3.11) 


Cn(f{z), {Jfiz)Tj)j^{f{z))] 

lim- y - (- 

Cn[f{z), {Jf{z)Tj)^{f{z))j 


Indeed, from inequality (2.4), equalities (3.7) and (3.10) we conclude easily that 
Cn(^f{z),{Jf{z)Tj)^{f{z))j ^ 


for some constant C > 0. In the last step we have used the obvious fact that Jf{z) — 
Jf{p) = 0{\z — p\) as z ^ p. Now (3.11) follows and so does (3.9). 


Step 4. Now we claim that X, iJ, 2 , ■ ■ ■, Pn are all eigenvalues of the linear transformation 
Jf{p) : C” —>■ C”. The argument is the same as that in [23]. We provide the details 
for completeness. Assume that {r’2W3) • • • is an orthonormal basis for Tp^’^\dQ) 

with respect to the standard Hermitian inner product on rp^’^^(c717) = and hence 

{i>p,V 2 , ■ ■ ■ ,Vn} is an orthonormal basis for C”. Set 

U = (up,U2, ■ ■ ■ Wn), 





X. P. WANG AND G. B. REN 


then [/ is a unitary matrix of order re. Since J/(p) Vp = Arep, we obtain that 

7J¥fu = vi^l y). 

where ^ is a complex matrix of order (re — 1), and i? is a (re — 1) x 1 complex matrix. 
The previous equality is equivalent to 

A(p)c = f/( ^ 

That is, 

Jf{p){^p,V2, . . . ,Vn) = {yp,V2, ■ ■ ■ ,Vn) ^ , 

which implies that 

(3.13) Jf{p)\^(i,o)^Q^^{v2,V^,. . . ,Vn) = (U2,U3, . . . 

the roots of the characteristic polynomial det(t/„_i — V) are exactly p 2 , Ps, ■ ■ ■, Pn- If 
A ^ {/r 2 , /i 3 , ■ ■ ■, /in}) then X, fi 2 , ■ ■ ■, Pn are all eigenvalues of the linear transformation 
Jfip) ■ C” —)> C”. Otherwise, we assume that A = where is a zero of det(t/n-i — 
V) of order A; € N*, the obvious fact that the characteristic polynomial of Jf{p) is 

det (^tln ~ det(t/n-i - V) 

shows that A = is an eigenvalue of order A; + 1 of J/(p) : C"’ —)• C"'. 

Step 5. We claim that if / has an interior fixed point zq € fl, then A > 1. From Step 
4, it is easy to see that A is also a singular value of Jf{p)- Unfortunately, it seems 
that we can not obtain an estimate on the upper bounds of the other singular values 
of Jf{p) in terms of A as in [12, Proposition 1.1]. Suppose by contradiction that A < 1 
under the extra condition that zq G H is an interior fixed point of /, and consider the 
sequence {/^} of iterates of /. From (ii), we know that all the eigenvalue values of 
Jf{p) are strictly less than one. Taking into account the Jordan canonical form of Jf{p), 
we deduce that there exists a sufficiently large A:o G N such that {Jf{p))^° : C” —)• C"" 
is a contraction. Therefore for every point z £ sufficiently close to p, the sequence 
{f^^°{z)} converges to p. Moreover, since 14 is strongly pseudoconvex, p G dQ is a peak 
point for 14, it follows from [1, Propostion 2.3.59] that the sequence converges to 

p, contradicting the fact that f^^°{zo) equals to zq for all A: G N. This completes the 
proof. □ 

Here we state the result obtained in Step. 5 above as the following independent 
proposition, since it seems to us that it will be useful in other similar situations. 

Proposition 3.1. Let f : LI ^ LI be a holomorphic self-mapping of strongly pseudo¬ 
convex domain H CC C” with boundary. If f can extend smoothly to some point 
p G dll, and all the eigenvalue values of the Jacobian Jf{p) of f at p are strictly less 
than one, then there is a number A:o G N such that the sequence {/^^°} of iterates of f^° 
converges locally uniformly to p. 

Proof. We have proved in Step. 5 above the existence of A:o G N with the desired 
property. Since Ll is bounded, the local uniformity of this convergence follows easily 
from the classical Montel theorem, which implies that for each domain D C C"", the 
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topology of pointwise convergence on Hol(Il>, fl) coincides with the usual compact-open 
topology. □ 

Some useful remarks concerning Theorem 1.1 are in order. 

Remark 3.2. In the preceding proof, we can also replace the Caratheodory metric by 
the Kobayashi metric. The choice of the Caratheodory metric is convenient to prove 
(3.10) using the fact that for each z € fl, C^{z,v) is subadditive in u £ Even 

though the subadditivity property fails in general for the Kobayashi metric, equalities in 
(3.10) also hold with the Caratheodory metric replaced by the Kobayashi metric. This 
follows by checking carefully the origin proof of Graham’s estimate in [16]. Therefore, 
our argument also works for the Kobayashi metric. 

Remark 3.3. From our argument in Step. 4 above, we conclude that (as Bracci pointed 
out to the author) either there exists a vector v G {dkl) such that Jf{p)v = Xv, 

or there exists 2 < m < n such that Hm = ^ and the geometric multiplicity of the 
eigenvalue A is strictly less than its algebraic multiplicity. Moreover, the second case is 
possible if and only if A = 1. 

Remark 3.4. In the case that fl is a bounded strongly convex domain with boundary, 
the fact that A > 1 provided that / has an interior fixed point zq ^ kl was already known. 
Indeed, from [1, Theorem 2.6.47] and its proof one can easily deduce that the eigenvalue 
A of ff{p) is no other than the boundary dilatation coefficient af{p) of / at the point 
p G dkl, defined by means of 

(3.14) ^loga/(p) = li^nf (kn{wo,z) - kniwoJiz))^ 

which is independent of the base point wq £ kl whenever p is a regular boundary hxed 
point of / (see [7, Lemma 6.1]; also [4, Lemma 1.3]), which is the case under our 
assumption. Here kn is the Kobayashi distance of kl. In particular, setting icq = zq in the 
right-hand side of (3.14) and noticing that kn{zo,f{z)) = kn{f{zo),f{z)) < kn{zo,z) 
yield that A = af{p) > 1. Moreover, when A = 1, one can obtain more information 
about /, see [8, Theorem 2.4] for details. 

Remark 3.5. In some sense. Theorem 1.1 is related to Abate’s generalization of the 
classical Julia-Wolff-Caratheodory theorem, see [2, Theorem 0.2] for details. The theory 
of Lempert’s complex geodesics plays a central role in Abate’s argument, which requires 
the boundary of domain U to be of class C^, while in our argument Graham’s estimate 
of Caratheodory metric on strongly pseudoconvex domains is a fundamental tool and 
C^-regularity of the boundary dO. is enough. 

Remark 3.6. We can weaken the assumption of regularity of / at the point p, and C^- 
regularity is enough at least in the previous argument. We can also consider the case 
that the boundary point p G cKl is only a regular boundary contact point of / and 
even the case that / : U —)■ 11 is a holomorphic mapping between two different strongly 
pesudoconvex domains D C C"*, 11 C C"’. The previous argument still works well. We 
have chosen to restrict to the case as in Theorem 1.1 in order to emphasize the basic 
ideas. 

As a direct consequence of Theorem 1.1, we have the following result (it is exactly [23, 
Theorem 3.1] except (vi) and the hrst equality in (i)): 

Corollary 3.7. Let / : B” —)• B” he a holomorphic mapping. If f is holomorphic at 
p G clB” and f{p) = p, then for the eigenvalues X, p 2 , ■ ■ ■, Rn {counted with multiplicities) 
of Jf{p), the following statements hold: 
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(i) 

(ii) 

(iii) 

(iv) 


, d\f \ ^ |l-(/(0),p)p ^ 

dp - i-|/(o)P ’ _^ 

p is an eigenvalue of Jf{p) with respect to X, that is Jf{p) p 
Pj G C and \pj\ < y/X for j = 2,... ,n; 


For any pj, there exists Tj G SB” n F 


( 1 , 0 ) 


"■) such that 


Jf{p)Tj = pjTj, V j = 2,..., n; 


Xp; 


(v) |det J/(p)| < A" 2 \ 

(vi) 

(3.15) 


|trJ/(p)l < A + (n - 1)VX; 


dp 


r 


iP 


< Ob'* 


P) 


where 




l-|zp 

1 - {z,P)f 


is the {negative) pluricomplex Poisson kernel o/B” with a simple singularity at 
p; and equality holds in (3.15) if and only if f G Aut{M^) is such that f{p) = p. 
Moreover, the inequalities in (i), (iii) and (v) are sharp. 


Proof. It suffices to prove inequality (3.15) and the first equality in (i). The latter 
follows directly from equality (3.7). Inequality (3.15) is nothing but the classical Julia 
inequality (see [1, Theorem 2.2.21]), which was first rephrased by Bracci et al. in [11] 
as the form of (3.15). As for the condition for equality, see [10, Theorem 7.3]. □ 

Remark 3.8. Despite the estimate in (iii), which is due to Schwarz lemma, and the con¬ 
dition for equality in (3.15), Corollary 3.7 is essentially a direct consequence of Rudin’s 
generalization of the classical Julia-Wolff-Caratheodory theorem (see [26, Theorem 8.5.6] 
or [1, Theorem 2.2.29]) under the extra assumption of regularity of / at p G (OB"". 
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